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Abstract-For the stress analysis of planar deformable bodies, we usually refer to either a plane
stress or plane strain hypothesis. Three-dimensional analysis is required when neither hypothesis is
applicable, e,g, bodies with finite thicknesses, In this paper, we derive an 'exact' solution for the
plane stress problem based on a less restrictive hypothesis than (J, = 0, By requiring the out-of­
plane stress (J, to be a harmonic function, the three-dimensional solution is obtained, In addition,
we present a two-dimensional finite element for planar analysis of problems where the thickness of
the body 2h is comparable to other characteristic dimensions, This element is presented as a
substitute for classical plane stress and plane strain finite elements, The typical plane stress and
plane strain state are recovered in the case where h ---+ 0 and the case h ---+ co, respectively, As an
example for the application of such formulation, the behavior of a concrete gravity dam is inves­
tigated, Copyright CfJ 1996 Elsevier Science Ltd,

I, INTRODUCTION

Classical plane stress and plane strain hypotheses are commonly used in the stress analysis
of planar deformable bodies (see e.g. Fung (1965), Love (1927), and Timoshenko and
Goodier (1954)). The plane stress state is suitable for problems involving relatively small
thicknesses and free lateral boundary conditions, In the case where the thickness of a body
is much larger than other characteristic dimensions, plane strain hypothesis is used. When
the thickness of a body is of the same order of magnitude as other characteristic dimensions,
as we often encounter in the analysis of dams constructed in structurally independent
blocks, it is unclear whether plane strain hypothesis is adequate. Plane stress and plane
strain assumptions are not expected to yield precise results and three-dimensional (3-D)
analysis is needed. The thickness effect also appears in the evaluation of stress intensity
factors in fracture mechanics (Broek (1982) and Zhou and Hsieh (1988)). Other problems
arise in plasticity-based analyses where the intermediate stress and strain influence the yield
locus. The difference between these two states in the evaluation of the plastic flow is
remarkable, and has to be taken into account for problems with moderate thicknesses. It
is thus necessary to use 3-D analyses to address many problems in engineering mechanics.

In this paper, we seek an 'exact' three-dimensional elastic solution to planar bodies
with moderate thickness. This solution will involve the six compatibility equations in
opposition to the classical plane stress solution which is in fact an approximation, valid
only when the thickness is very small. The three-dimensional solution will not be based on
the hypothesis (Je = 0, but will, instead, require a less severe condition in which (Je is a
harmonic function, i.e.

Subsequently, we derive a planar finite element with five degrees of freedom per node to
capture the thickness effect. This element not only retrieves the plane stress and plane strain
solutions as limiting cases (when h ->°and h -> OC!), but also yields accurate results in
capturing the three-dimensional solution. Numerical results will show that the maximum

4365



4366 M. Laoucet Ayari et at.

stress can be under-estimated by as much as 20% in the case of a cantilever beam subjected
to an end point load, if either plane stress or plane strain assumption is adopted.

2. CHARACTERS OF PLANE STRESS SOLUTION (3-D ANALYSIS)

It is commonly known that, under plane strain assumption, all the equations for
displacements, stresses and strains are precisely satisfied. But these equations can only be
approximately satisfied under the plane stress assumption, in which we simply suppose that
all the variables are independent of the z axis, which is assumed to be oriented along the
thickness direction of the body, and O"z = rxz = ryz = O. The shortcoming of the plane stress
assumption comes in not satisfying all the compatibility equations. The lateral strain Cz is
determined, in one aspect, as :

and, in another aspect, should satisfy the compatibility equation

These two conditions are usually contradictory. Timoshenko and Goodier (1954) proposed
a three-dimensional 'exact' solution of the form

Under the assumption O"z = rxz = ryz = 0, this solution satisfies all the equations of the
theory of linear elasticity. In the following paragraph we show that this type of solution
can be obtained without having to assume O"z to be zero, but instead it suffices to impose
the less restrictive condition

We seek an 'exact' three-dimensional solution under the following assumptions:

(1) r xz = r vz = 0,
(2) (Jz = (J~(x,y), and V 2(Jz = 0 (instead of the usual o"z = 0),

where

(3) there exists a body force potential F(x,y), from which the body forces are derived
as follows:

of
y=- z= O.

oy'

We depart from the compatibility equations which are the conventional requirement for
the integrability of the governing equations.
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The third equilibrium equation is identically satisfied, and the first two can be automatically
satisfied if we introduce a stress function cp(x, y, z) for which

(2)

Introducing the generalized Hooke's law and substituting the definition of the stress function
(2) into eqns (1), we obtain

VT[8- (1 +v)F] = 0

82

~[8-(1 +v)F] = 0
ox8z

82

~[8-(1+v)F] = 0
oy8z

and

where Vr = 82
/ Dx 2 + 82

/ 8l and 8 = ax + ay+ az' Adding eqn (4a) to eqn (4b) yields

By solving the set of eqns (3), we obtain:

8 =(1+v)F+80 +Q(z),

where 8 0 = 8 0(x, y) is a harmonic function, and Q(z) is an arbitrary function of z.
Equation (5) can be used to determine Q(z), hence

(3)

(4)

(5)

(6)
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(7)

In the above we suppose viF = CF is a constant. Because ofV 2
0"z = viO"z = 0 and eqn (5),

eqn (4a, b, c) can be rewritten as

(8)

The solution of these equations is

(9)

where a, band c are arbitrary functions of z. Integrating eqn (9) twice with respect to z, we
find

(10)

where A, Band C are functions of z, which do not contribute to planar stress components.
Because we can obtain the stress components using eqn (2), therefore, A, Band C can be
set to zero. Substituting eqn (10) into eqn (2), and using eqn (6) we have

(11)

Because the first and second terms in the right side of the above equation are independent
of z, Q(z) must be of the form

(12)

Applying vi to the two sides of eqn (11) again, we obtain

(13)

Back-substituting the solution given by eqn (10) into eqn (2) and taking into account eqn
(13), the strain components are expressed in terms of 00, CPo, 0"2 and F as

(14a)
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(14b)

(l4c)

(l4d)

Equations (l4a-d) represent the 'exact' three-dimensional solution under the less restrictive
condition V2a z = 0. The structure of this solution will be taken as the basis for the derivation
of a new finite element for the analysis of planar deformable bodies. It is important to note
that this solution is truly exact only when the applied load has at most a quadratic variation
along the z direction, because the in-plane stress components at any point are of form
(J = ao+z2a] (see eqns (l4a-d». This issue is not of practical concern for the purpose of
this contribution, as we intend to capture the thickness effect and the load distribution in
'z' direction will be considered to be constant per unit thickness (similar to the classical
plane stress problem).

3. DISPLACEMENT MODES

The analyses of the previous section shows that the stress function consists of two
terms: the first term is the traditional Airy's stress function, which is independent of the
coordinate z; the second term, a quadratic term in z, which vanishes when the thickness
2h -> 0. The structure of the planar strain components Bn B) and Yxy is the same. This
suggests the planar displacement components of the new element to have the following
form

u = uo(x,Y) +Z2 U ](X,Y)}.

t: = vo(x,Y) +Z2 V ](x,y)
(15)

It is worth noting that one of the necessary conditions for obtaining solution (10) is
V2az = 0, instead of az = 0. This means that the lateral stress is not necessarily zero through
the thickness. Also, eqn (l4d) shows that, once CF = 0, the lateral strain Cz is uniform along
the thickness direction z, therefore the displacement in the z-direction can be approximated
by:

w = zwo(x,y). (16)

With the above displacement modes we obtain the following expressions of the strain
components:

., _ (auo avo) 2 (au,] av])
r xv - ~ + '" + z ~ + '" '. oy vX 0)' vX

(awo )and (yz = z ay +2V 1 • (17)

Non-zero out of plane shear strains {xz and {yz appear in the above formulae. Later on it
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will be seen that they are introduced in the form of a penalty term in the variational formula
of the potential energy, and their numerical values are negligible.

4. FINITE ELEMENT APPROXIMATION

The isoparametric element formulation is used in the discretization process. There are
five degrees of freedom at each node. For an arbitrary node i these degrees of freedom are:

(18)

The element can be either the 3-node triangle, 6-node triangle, 4-node quadrilateral or 8­
node quadrilateral serendipity elements. The nodal displacement array of an n-node element
is given by

(19)

The values of Uo, va, IVa, UI and VI within an element are interpolated using the usual shape
functions:

n

Uo = L N;uo i ,

i= 1

n

Va = L Niv oi ,
i= 1

n

IVa = L NiIVOh
;= I

n

UI = L Niu li and VI
i= 1

n

IN;V lh
i=!

(20)

where N h i = I, 2, ... , n are the shape functions. The strain array

r X)

can be arranged as :

where GO, GI and G2 are defined by:

OUO aUI

ax ax

avo av)

r" )"~ ~x +2u, .
Go = oy G) = ay

oUo avo aUI oV I
CWo

T+ 2v )-+-- -+- '}

ay ax oy ax

IVa 0

(21)

(22)

By virtue of eqn (20) and eqn (22), GO, GI and G2 are related to the nodal displacement array
6 through Bib B I and B2 in the following form,

(23)

where
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Bo = [B6 ... B~],

aNi
0 0 0 0ox

0
aNi

0 0 0
B~ = o,V

oNi oNi
0 0 0~

oy ax

0 0 Ni 0 0

B 1 = [B] ... B7],

0 0 0
aNi

0
ax

0 0 0 0
aN,

B'J = 8y

0 0 0
aN; oNi
oy ax

0 0 0 0 0
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(24)

(25)

and

(26)

The stress array uT = {ax ay T xy az Tn TvJ and the strain array satisfy the elastic
relation:

u = DB.

The elasticity matrix D, written in block form, is given by:

where

v v

(I- v)
0

(I-v)

v v

(I-v)
0

(I-v)E(I-v)
D]=

(I+v)(I-2v)
0 0

(I-2v)
0

2(I-v)

v v

(I-v) (I-v)
0

and D2 = GI, where I is a 2 x 2 identity matrix.

(27)

(28)
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5. MINIMUM POTENTIAL ENERGY PRINCIPLE AND STIFFNESS MATRIX

Following the standard form of the displacement based finite element method, we
derive the stiffness matrix and nodal force vector using the minimum potential energy
principle. The potential energy of the system can be written as :

(29)

where f and t are the body force vector and the traction vector acting on the boundary
respectively, and u is the displacement vector. The in-plane displacements are thus given by

(30)

By using eqns (21), (23), (27) and (29), the potential energy is expressed in terms of strains
and nodal displacement array as

n = f -21(eX+z2eTzeDD(eo+z2elze2)dzdQ- r j)T(NX+z2 NT)fdzdQ
v Jv

(31 )

where Q is the center plane area with the boundary line r. Equation (31) can be explicitly
integrated along the z-direction. According to the stationary condition of the potential
energy, we obtain the finite element discrete system of equations:

(32)

with the element stiffness matrix K,., written in a standard form as:

and the equivalent nodal force vector F

(34)

where t is also assumed to be independent of z.
The detailed matrix expression of the element stiffness is given in the Appendix. In the

expression given by eqn (33), the term BXDIB 1 +BTD,Bo represents the coupling between
the first and second terms of the displacement mode definition given by eqn (15). This
coupling becomes weaker when the thickness decreases, and the plane stress condition
recovers. BIGB2 corresponds to the deformation energy caused by the lateral shear strains
Yxz and (yz' It stands as a penalty term to enforce the important relations between u" VI and
Wo as it will be shown in Section 7.

On the edge boundary the prescribed displacements are supposed to be constant
over the thickness, Uo and Vo should satisfy these displacement boundary conditions, and,
therefore, Uo and Vo on the edge are simply made zero.
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6. NUMERICAL RESULTS

The cantilever beam shown in Fig. 1 is analyzed using the new element. A 20 x 2 mesh,
with a 2 x 2 Gaussian integration, is used to discretize the beam. The thickness 2h of the
beam is varied to examine the behavior of the new element. The deflection at the tip is
depicted against h in Fig. 2. The same model is independently analyzed using plane stress,
plane strain and three-dimensional 20-node elements. It can be seen from Fig. 2 that for
the limit case when h -+ 0 the solution coincides with the plane stress one, while when h -+

00, the solution coincides with the plane strain one. In the center plane (i.e. z = 0), the
solution is very close to the three-dimensional analysis. In the range of 0 < hja < 1, the
plane stress solution is a good approximation; and for hja > 100 the plane strain hypothesis
is considered to be adequate. The variation of maximum stress vs the thickness 2h is shown
in Fig. 3. Again, it is noted that in the range 1 < hla < 100, the thickness has a significant
influence on the maximum stress. When the thickness of the cantilever beam is about twelve
times the depth of the beam, the maximum bending stress at the central plane reaches a
value 20% larger than the one predicted by either plane stress or plane strain. The result
signals that the plane stress or plane strain states should be adopted with care in two

2h

z

y

x

p

Ua=2Q v=O.3

Fig. I. Cantilever beam (v = 0.3).
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1.00 +-----=~------------------
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100010010

Ogo '-----"_-'------'__'___LLL....l-_..L--'-----L-L-L.LLLL_~___'___'___'_LLLLL___"_L_L.....Ll_L.L.LJ

0.1

h1a
Fig. 2. The influence of thickness on the end deflection d.
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Fig. 3. The influence of thickness on maximum stress.
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Fig. 4. Koyna dam.

dimensional analysis. Numerical results also show that the lateral stress (J: ---> 0 as h ---> 0,
while Sz ---> 0 as h ---> 00.

From the analysis of the Koyna dam (Ayari (1988)) shown in Fig. 4, the stress
components at typical points A, B, C and D of the mid-plane are depicted in Figs 5-8. The
dam is subjected to water pressure and gravity. The influence of the thickness can be seen
from these figures. Only when the half-thickness is larger than 1000 m, that is, ten times
the height of the dam, the plane strain assumption prevails. Marginally, the plane stress
state would be admissible in the range of less than 1 m. It is worthy of noting that the
lateral tensile stress is larger than the planar tensile stress when the thickness h is larger
than a certain value.

The analysis of the same problem has been carried out for different Poisson's ratios.
As expected and similar to conventional 3-D analyses, it is found that the influence of the
thickness on the stress state is sensitive to Poisson's ratio. When v is small the discrepancy
between plane stress and plane strain states can be less than 5%.
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7. DISCUSSION

Because of the out-of-plane displacement mode given by eqn (16), the lateral strain is
actually approximated to be constant along the z-direction, and subsequently the free
traction condition on the lateral surfaces could not be satisfied. The variational process
results in an average lateral strain and stress, which coincides well with 3-D FEM results at
mid-planes. Furthermore, the out-of-plane shear stresses given by eqn (17) are automatically
introduced into the variational formula as a penalty term (BIGB2 in formula (33)), and
their magnitudes are therefore made negligible. Their numerical behavior is similar to the
secondary stresses occurring in bending problems using conventional finite element analysis.
The effect of the terms U 1 and UI on the planar stress components is not significant, but they
are necessary for the satisfaction of conditions (35) and (36).

Numerical analyses show that for linear elastic materials with the same plane geometry
and loading conditions plane stress and plane strain states give different displacements and
stresses. The discrepancy can reach about 20% or more. Both examples indicate that for a
certain thickness the stress level can be higher than the one predicted by either plane stress
or plane strain states. Generally when half the thickness is larger than 100 times the typical
planar size, the plane strain state prevails. For many dams built in the form of structurally
independent blocks, the block thickness fits the range in which neither plane stress nor
plane strain states are suitable for analyses.

In addition, the maximum tensile stress can be the lateral tensile stress rather than the
in-plane stress components. For this type of problem, 3-D analysis is computationally
expensive. This type of finite element gives an average lateral stress and strain. Conversely,
there is one important issue concerning this element. In order to have a solution for an
arbitrary thickness, one has to separately store and decompose each one of the three parts
of the stiffness matrix. This would lead to a requirement of three times the storage and one
reduction plus one back substitution for each thickness. Nevertheless, this element remains
quite attractive for planar analyses as it provides solutions which range from plane stress
to plane strain ones.

8. CONCLUSION

By relaxing the plane stress condition (jz = 0 to a harmonic form, V2
(jz = 0, we obtain

a solution which satisfies all the compatibility equations. In this solution the strains consist
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of one part which is independent of the z coordinate and a second part which includes a Z2

term. Based on this, a set of displacement modes and a new two-dimensional element are
proposed for finite element planar stress analyses. Both classic plane stress and plane strain
states are retrieved by this new element. The effect of lateral stress az is included in the
analysis. We found that az makes the in-plane stress states shift from plane stress to plane
strain condition in non-monotonic fashion. Therefore, the assumption of plane stress and
plane strain states being a set of bounding solutions may lead to errors. An error of 20%
was found in the maximum bending stress of a cantilever beam. This element is attractive
because it may eliminate the tedious 3D meshing and data processing in numerous problems.
It is also useful for practical design applications, where parametric studies are usually
conducted to determine an optimal thickness for structural components. In addition this
element can be used as an alternative of classical plane stress and plane strain 20 elements.
Finally, further studies are required to establish the embedded energy modes of this element
as well as its behaviors around singularities.
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APPENDIX

According to formula (22) the element stiffness matrix is :

(33)

The three terms under integration in the above expression are:

"'Vj,xN;,x + V2 Ni,yl'Vj,J' V I ~'Vi"x]\/i":v + V2 Ni,yNj,x Vi Ni,xN; 0 0

v1N,.yNj,x+ V 2 N j,x N ,.y Ni,J,P!.i,y + v2 Ni....)V/,x v,N"yN, 0 0

[KljJ =
E(l-v)

v t1\l)'lj,x \lINiN},..... NjNj 0 0
(l +v)(I-2v)

0 0 0 0 0

0 0 0 0 0
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[Khl
Eh2 (1- v)

3(1 +v)(1-2v)
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o
o

iVi.x~'Vj.x + v2.J."li,yl\Tj ,J vjl\li,..)Vj ,) + V2 1Vr,ylVj ,x

vllVi,yf\lj,x + V2!vTi.X~1Vl'.1 lVi,.J'v';,.\' + v2lVi•x.l.'V>,x

v ,1V(1.Vj,x +2V21Vi,xi"lj v11V)\I';,y +2v2lv'i1vi,J'

4v,N;N; 0

o 4v,NJV,

0 0 0 0 0

0 0 0 0 0

[K;~l
Eh4 (1-v)

0 0 0 0 0
5(1 + v)(1- 2v)

0 0 0 Ni.xN j •x+ v21\/i,ylV~j,) VI lV'i,xl\TJ,y + v2l'vri,y~l\ri,x

0 0 0 VI1Vi,r1Vj", +Vl 1V'Lt N j,l lVi,yJllrr + "'2 1v'/.x lV"x

where (L = ajax, ()" = ajrJy and n is the number of nodes in an element. And, the stiffness matrix can be written
as:

K,. = 2h r [K)i+Kh+K;~] dQ i,j = I, ... ,n.

J"


